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John F. Nash Jr. at his 
Princeton graduation in 
1950, when he received 
his doctorate.

John F. Nash, Jr.

● Born June 13, 1928. Bluefield, West Virginia, U.S.
● Died May 23, 2015 (aged 86). New Jersey, U.S.

● Institutions: 
     Massachusetts Institute of Technology 
     Princeton University

● Notable awards:
     John von Neumann Theory Prize (1978)
     Nobel Memorial Prize in Economic Sciences (1994)
     Abel Prize (2015)
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Main mathematical contributions of John F. Nash:

● Game Theory:   

Nash equilibra and their existence

● Partial Differential Equations:

De Giorgi-Nash theorem

● Riemannian Geometry:

Nash embedding theorem

● Analysis: 

Nash-Moser implicit function theorem



                     "Mathematical contributions of John F. Nash”                    Xavier Cabré 



                     "Mathematical contributions of John F. Nash”                    Xavier Cabré 



                     "Mathematical contributions of John F. Nash”                    Xavier Cabré 



De Giorgi-Nash-Moser Theorem: Hölder regularity of solutions of

                                      

with a_{ij} uniformly elliptic (positive definite matrices) but only bounded and 
measurable as a function of x in R^n.

● Nash, J. Parabolic equations. Proc. Nat. Acad. Sci. U.S.A. 43 (1957), 754-758. 

● Nash, J. Continuity of solutions of parabolic and elliptic equations. Amer. J. Math. 80 
(1958), 931-954.

''A gold mine'', in Nirenberg's words. 

Nash work retaken and presented in:

● Fabes, E. B.; Stroock, D. W. A new proof of Moser's parabolic Harnack inequality using the old ideas of 
Nash. Arch. Rational Mech. Anal. 96 (1986), no. 4, 327-338.

Independently proved by:

● De Giorgi, Ennio. Sulla differenziabilità e l'analiticità delle estremali degli integrali 
multipli regolari. (Italian) Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 1957 25–
43.

and later a new (third) proof by Jürgen Moser
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There is a striking resemblance on the modeling of 

● heat     &

● option prices in Finance

In both cases the basic object is the same:      "the Laplacian" after 

                                Pierre-Simon, marquis de Laplace   (1749-1827)

It is responsible for many phenomena in our lives 
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● A first example: 

what is the what is the temperaturetemperature of a certain tile in your living room's floor, of a certain tile in your living room's floor,  

long after you turn on the wall radiators at 30°C  

while the remaining of the walls are always kept at 0°C ?
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30°C

30°C

0°C

0°C

0°C

0°C
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Robert Brown (1773-1858), biologist

Looking through a microscope at 
pollen grains in water, he noted that 
the grains moved randomly through 
the water

BROWNIAN MOTION

Think also on a large plastic 
beach ball on the stands of a 
stadium totally full of people   



● A second example: 

what is your expected gain when, 

starting always from the same given tile in your living room, you walk 
randomly and you get 30€ only when you hit a radiator on the first time 
that you hit your living room's walls (otherwise you get 0€)?

30€

30€

30€

0€

0€
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0€
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ANSWER:      at every point one has

       expected gain = temperature !! 
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How to solve the problem: 

● make a squared lattice of very small step-size h 

● Move from a point to either East, West, North, or South,

each one with probability 1/4
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How to solve the problem: 

● make a squared lattice of very small step-size h 

● Move from a point to either East, West, North, or South,

each one with probability 1/4
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C = starting point of the walk

u(C) = expected gain starting from C

(average)
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           h = step size of the lattice

The LAPLACIAN of u = 0   The LAPLACIAN of u = 0   
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● X. Cabré, Partial differential equations, geometry and stochastic control, in Catalan. Butl. 
Soc. Catalana Mat. 15 (2000), 7-27
● X. Cabré, Elliptic PDEs in Probability and Geometry. Symmetry and regularity of  
solutions. Discrete Contin. Dyn. Syst. 20 (2008), 425-457
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is called Laplace equation

It is a Partial Differential Equation (a PDE)                                                        
(also called the equations of Mathematical Physics)

Its solutions are called “harmonic functions”. Together with solutions of the 
heat or diffusion equation 

(and other equations of the same type),  they model:

  
●  heat    (Fourier and Einstein)
●  option prices in Finance
●  gravitational and electric potentials    (Laplace) 
●  densities of biological or chemical species
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●

Harmonic functions are characterized
by the mean value property :

The value of the function  
at the center of any circle 
                   = 
the average of the values 
of the function on the circle

       OK with HEAT, 
       and with EXPECTED GAIN !
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                               is called Laplace equation

When the probabilities to move in a certain direction (being at a given point) 
depend on the solution u=u(x,y) itself 

(for instance: if I am more risky when I have more money u, or if the heat 
conductivity properties of a material depend on how hot it is)

Then the equations become NONLINEAR:

                                 

and much more difficult to analyze. The main contribution of Nash is to 
prove the continuity of the solution u in a quantitative way. This is extremely 
important to be able to analyze and compute numerically the solution. 

  



Partial Differential Equations.    Types :

1. Elliptic :        Laplace equation: 

2. Parabolic :    

● Heat or diffusion equation:

● Navier-Stokes (or 1 million $) equations  

       (incompressible viscous fluids) 

3. Hyperbolic : 

  ●  Wave equation    
  (acoustics, sound-waves)

●  Schrödinger equation  
  (quantum mechanics)  

●  Euler's equations   
  (incompressible fluids)
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Some other 
important PDEs:
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References:

● (https://www.simonsfoundation.org/science_lives_video/john-nash-2/

Video of  interview to Nash

● http://www.abelprize.no/

Shortfilms on 2015 Abel Prize Laureates

● http://www.sylvianasar.com/a-beautiful-mind/

Book on Nash' life and scientific achievements:

https://www.simonsfoundation.org/science_lives_video/john-nash-2/
http://www.abelprize.no/
http://www.sylvianasar.com/a-beautiful-mind/
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